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ON THE ASYMPTOTIC DYNAMICS OF A QUANTUM SYSTEM 
COMPOSED BY HEAVY AND LIGHT PARTICLES 

RICCARDO ADAMI, RODOLFO FIGARI, DOMENICO FINCO, AND ALESSANDRO TETA 


Abstract. We consider a non relativistic quantum system consisting of K heavy and N light 
particles in dimension three, where each heavy particle interacts with the light ones via a 
two-body potential aV. No interaction is assumed among particles of the same kind. 
Choosing an initial state in a product form and assuming a sufficiently small we characterize 
the asymptotic dynamics of the system in the limit of small mass ratio, with an explicit control 
of the error. In the case K = 1 the result is extended to arbitrary a. 

The proof relies on a perturbative analysis and exploits a generalized version of the standard 
dispersive estimates for the Schrodinger group. 

Exploiting the asymptotic formula, it is also outlined an application to the problem of the 
decoherence effect produced on a heavy particle by the interaction with the light ones. 


1. Introduction 

The study of the dynamics of a non relativistic quantum system composed by heavy and light 
particles is of interest in different contexts and, in particular, the search for asymptotic formulae 
for the wave function of the system in the small mass ratio limit is particularly relevant in many 
applications. 

In this paper we consider the case of K heavy and N light particles in dimension three, where 
the heavy particles interact with the light ones via a two-body potential. To simplify the 
analysis we assume that light particles are not interacting among themselves and that the same 
is true for the heavy ones. 

We are interested in the dynamics of the system when the initial state is in a product form, 
i.e. no correlation among the heavy and light particles is assumed at time zero. Moreover we 
consider the regime where only scattering processes between light and heavy particles can occur 
and no other reaction channel is possible. 

We remark that the situation is qualitatively different from the usual case studied in molecular 
physics where the light particles, at time zero, are assumed to be in a bound state corresponding 
to some energy level ..., Rk) produced by the interaction potential with the heavy ones 

considered in the hxed positions i?i,..., Rk- 
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In that case it is well known that the standard Born-Oppenheimer approximation applies and 
one hnds that, for small values of the mass ratio, the rapid motion of the light particles produces 
a persistent effect on the slow (semiclassical) motion of the heavy ones, described by the effective 
potential ..., Rk) (see e.g. jHj, jHJj and references therein). 

The main physical motivation at the root of our work is the attempt to understand in a 
quantitative way the loss of quantum coherence induced on a heavy particle by the interaction 
with the light ones. This problem has attracted much interest among physicists in the last 
years (see e.g. EUEM, ISIEESZ], and references therein). In 

particular in (EHl, [HUBHAZJ I the authors performed a very accurate analysis of the possible 
sources of collisional decoherence in experiments of matter wave interpherometry. We consider 
the results presented in the hnal section of this paper a rigorous version of some of their results. 
At a qualitative level, the process has been clearly described in jJZj . where the starting point 
is the analysis of the two-body problem involving one heavy and one light particle. 

For a small value of the mass ratio, it is reasonable to expect a separation of two characteristic 
time scales, a slow one for the dynamics of the heavy particle and a fast one for the light 
particle. Therefore, for an initial state of the form 0(i?)x(r), where (j) and y are the initial 
wave functions of the heavy and the light particle respectively, the evolution of the system is 
assumed to be given by the instantaneous transition 


<j^{R)x{r) ^ 0(i?) {S{R)x) (r) (1.1) 

where S{R) is the scattering operator corresponding to the heavy particle hxed at the position 
R. 

The transition (inD simply means that the hnal state is computed in a zero-th order adiabatic 
approximation, with the light particle instantaneously scattered far away by the heavy one 
considered as a hxed scattering center. 

Notice that in (EH) the evolution in time of the system is completely neglected, in the sense 
that time zero for the heavy particle corresponds to inhnite time for the light one. 

In |JZ] the authors start from formula (dD to investigate the ehect of multiple scattering 
events. They assume the existence of collision times and a free dynamics of the heavy particle 
in between. In this way they restore, by hand, a time evolution of the system. 

Our aim in this paper is to give a mathematical analysis of this kind of process in the more 
general situation of many heavy and light particles. 

Starting from the Schrodinger equation of the system we shall derive the asymptotic form of 
the wave function for small values of the mass ratio and give an estimate of the error. 

The result can be considered as a rigorous derivation of formula (EH), generalized to the many 
particle case and modihed taking into account the internal motion of the heavy particles. 
Furthermore, we shall exploit the asymptotic form of the wave function to briefly outline how 
the decoherence effect produced on the heavy particles can be explicitely computed. 

At this stage our analysis leaves untouched the question of the derivation of a master equation 
for the heavy particles in presence of an environment consisting of a rarehed gas of light particles 
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(see e.g. lEl. BSl). Such derivation involves the more delicate question of the control of the 
limit —»• cx) and requires a non trivial extension of the techniques used here. 

The analysis presented in this paper generalizes previous results for the two-body case obtained 
in jDFT], where a one-dimensional system of two particles interacting via a zero-range potential 
was considered, and in |AFFTj . where the result is generalized to dimension three with a generic 
interaction potential (se also ITTHfI for the case of a three-dimensional two-body system with 
zero-range interaction). 

We now give a more precise formulation of the model. Let us consider the following Hamiltonian 

+ "‘W + E (1-2) 

1=1 ^ j = l \ / 

acting in the Hilbert space H = 

The Hamiltonian describes the dynamics of a quantum system composed by a sub-system 
of K particles with position coordinates denoted by i? = (i?i,..., Rk) € each of mass 

M and subject to the one-body interaction potential Ui, plus a sub-system of N particles with 
position coordinates denoted by r = (ri,...,rAr) G each of mass m. The interaction 

among the particles of the two sub-systems is described by the two-body potential aoV, where 

Og > 0. 

The potentials Ui, V are assumed to be smooth and rapidly decreasing at inhnity. 

In order to simplify the notation we fix h = M = 1 and denote m = e; moreover the coupling 
constant will be rescaled according to a = eag, with a hxed. Then the Hamiltonian takes the 
form 


N 


H{e) = X + -J2 

J = 1 


K 


iOj 


-|- a V{rj — Ri 


1=1 


where 



-An, + Ui{Ri) 


hoj 



(1.3) 


(1.4) 

(1.5) 


We are interested in the following Cauchy problem 
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^^(0; R, r) = (t){R) Xi(o) = <P{R)x{r) 


( 1 . 6 ) 


where (p, Xj are sufficiently smooth given elements of and respectively. 

Our aim is the characterization of the asymptotic behaviour of the solution for e —> 0, 

with a control of the error. 

Under suitable assumptions on the potentials and the initial state, we hnd that the asymptotic 
form of the wave function for e —>■ 0 is explicitely given by 


N 


^l{t-R,r)= / dR'e 


-itx 


{R,R')<P{R')ll 

i=i 


(r,) 


(1.7) 


where, for any hxed R G we have dehned the following wave operator acting in the 

one-particle space L^(R^) of the j-th light particle 


n+{R)X3 = lim (1-8) 

T—» + CX) 

and in (EHD we have denoted hj{R) = h^j -|- a Yl^=i ~ Ri)- 

It should be remarked that (HID reduces to (EH) if we formally set f = 0 and assume that 
VL+{R')~^Xj can be replaced by S{R')xj, which is approximately true for suitably chosen state 
Xj (see e.g. |HH])- 

It is important to notice that the asymptotic evolution dehned by EH is not factorized, due 
to the parametric dependence on the conhguration of the heavy particles of the wave operator 
acting on each light particle state. 

Then the asymptotic wave function describes an entangled state for the whole system of heavy 
and light particles. In turn this implies a loss of quantum coherence for the heavy particles as 
a consequence of the interaction with the light ones. 

The precise formulation of the approximation result will be given in the next section. Here we 
only mention that in the case of an arbitrary number K of heavy particles our result holds for 
a sufficiently small, while in the simpler case K = 1 we can prove the result for any a. 

The plan of the paper is the following. 

In section 2 we introduce some notation and formulate our main results, which are summarized 
in theorems 1, 1'. 

In section 3 we give the main steps of the proof of theorems 1,1'. 

In section 4 we prove some estimates for the unitary group generated by the Hamiltonian of 
the light particles hj{R), parametrically dependent on the position R of the heavy particles, 
uniform with respect to the parameter R. 
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In section 5 we collect some other technical lemmas concerning the nnitary gronp generated by 
the Hamiltonian of the heavy particles X. 

In section 6 we briefly discuss a possible application of the asymptotic formula for the compu¬ 
tation of the decoherence effect induced on a heavy particle. 


2. Results and notation 

Our main result is given in theorem 1 below and concerns the general case K > 1. In the 
special case R = 1 we hnd a stronger result, summarized in theorem 1’. 

The reason is that for the hrst case we follow and adapt to our situation the approach to 
dispersive estimates valid for small potentials as given in |R,S] , while for the second one we can 
prove the result for any a exploiting the approach to dispersive estimates via wave operators 
developed in 

As a consequence we shall introduce two sets of different assumptions on the potential V and 
on the initial state y of the light particles. 

Let us denote by the standard Sobolev spaces and by 

the corresponding weighted Sobolev spaces, with m,n, d E N, 1 < p < oo. 

Then we introduce the following assumptions 

(A-1) Ui e iy2^’'^(M3), for / = 1,..., R; 

(A-2) e and mL^R^K) = 1; 

and, moreover, for the case K > 1 

(A-3) R e n 

(A-4) X e L\R^^) n x{r) = Il^Li Xj{rj), and ||xj||i2(K3) = 1 for j = 1,... A^. 

while for the case K = 1 

(A-5) R e IR5’“(M3), h > 5, and R > 0; 

(A-6) X e lR4’i(M3iV) n x(r) = n7=i and i|x,|U2(R3) = 1 for j = 1,... iV. 

We notice that, under the above assumptions, the Hamiltonian (El is self-adjoint and bounded 
from below in 7i, the wave operator introduced in m exists and moreover the expression for 
the asymptotic wave function El makes sense. 

We now state our main result. Denoting by || ■ || the norm in Ti, for the case AT > 1 we have 
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Theorem 1. Let K > 1 and let us assume that Ui, (j), x satisfy assumptions (A-1),(A- 
2),(A-3),(A-4); moreover let us fix T, 0 < T < oo, and define 

^ iaiiA’ (2-1) 

Then for any t G (0, T] and a < a* we have 




Km<c 



where C is a positive constant depending on the interaction, the initial state and T. 


( 2 . 2 ) 


On the other hand, for the case K = 1 we prove 

Theorem 1'. Let K = 1 and let us assume that U, V, x satisfy assumptions (A-1),(A- 
2),(A-5),(A-6); moreover let us fix T, 0 < T < oo. Then for any t G (0,T] the estimate (12.21) 
holds, with a positive constant C depending on the interaction, the initial state and T. 


Let us briefly comment on the results stated in theorems 1, 1'. 

The estimate dZl clearly fails for t —>■ 0 and this fact is intrinsic in the expression of 
which doesn’t approach T'^(O) for t ^ 0. 

Another remark concerns the estimate of the error in (I22D, which is probably not optimal. 
Indeed in the simpler two-body case analysed in PFT] . where the explicit form of the unitary 
group is available, the error found is 0{e). 

We also notice that the knowledge of the explicit dependence of the constant C on the interac¬ 
tion, the initial state and T is clearly interesting and will be given during the proof. We shall 
hnd that C grows with T, which is rather unnatural from the physical point of view and is a 
consequence of the specific method of the proof. In the two-body case studied in jAFFTj it is 
shown that the constant C is bounded for T large. 

Concerning the method of the proof, we observe that the approach is perturbative and it is 
essentially based on Duhamel’s formula. The main technical ingredient for the estimates is a 
generalized version of the dispersive estimates for Schrodinger groups. 

In fact, during the proof we shall consider the one-particle Hamiltonian for the j-i\i light particle 
hj{R), parametrically dependent on the positions R G of the heavy ones. 

In particular, we shall need estimates (uniform with respect to R) for the L'^-norm of derivatives 
with respect to R of the unitary evolution e~^'^^^^Rxj- 

Apparently, such kind of estimates haven’t been considered in the literature (see e.g. |RSj . jScj, 
jYj l and then we exhibit a proof (see section 4) for K > 1 and small potential, following the 
approach of [RS], and also for K = 1 and arbitrary potential, following jYj . 


We conclude this section collecting some notation which will be frequently used throughout the 
paper. 
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- For any / = 1,..., iF we denote 


Xo,i - ~2^Ri 

and 

K 

1=1 

- Ui, U are multiplication operator by Ui{Ri) and U{R) = Yld=i Ui{Ri)- 

- For any fixed R G 


N N 

h{R) = yii,{R) = ^ 


K 


i=i 


j=i 


hoj + a2_^V{rj- Ri] 
1=1 


(2.3) 

(2.4) 


(2.5) 


denotes an operator in the Hilbert space while hj{R) and hoj act in the one-particle 

space of the j-th light particle. 

- For any t > 0 


N 

R, r) = (j){R) {r) = (p{R) JJ {rj) 

i=i 


C(t-,R,r) = [e '"‘He '«)] (R,r) 


( 2 , 6 ) 

(2.7) 


defines two vectors ^(t), C{t) G Ti. 

- Vr is the function in defined by Vr{x) = Yld=i — Ri): for any fixed R G 

- Vji denotes the multiplication operator by V{rj — Ri). 

- <x> is the multiplication operator by (1 -|- x'^Y^, for x G d G N. 

- drj = dri ,..., drj_idrj+i,..., drjq and dRi = di?i,..., , dRx denote two 

Lebesgue measures in and respectively. 

- The derivative of order 7 with respect to s-th component of R„ 

57 

7 G N, m = l,...,/F, s = 1,2)3 (2.8) 


is denoted by 


7)7 

m.s 


dRl 


■m,s 


with = Dm,s- 

- As already mentioned, the norm in Ri is indicated by || ■ ||; the norm in in the Sobolev 

spaces fF"^’r’(R^), id"^(R^) and in the weighted Sobolev spaces hF™’r’(R^), id™(R^) , 1 < p < cxd, 
m, n G N, will be denoted by || ■ \\lp, || ■ ||vk’"’P; II ■ IIh’"; II ■ llvcr’^> II ' IIt^^ respectively. 

- We find convenient to introduce also a sort of slightly modified weighted Sobolev spaces, where 
both the weight and the derivatives concern the coordinates associated with only one of the 
heavy particles. More precisely, the weighted Sobolev space related to the l-th heavy particle, 
with indices m, n G N, 1 < p < cx), is defined as follows 
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^ ^ ^71J g LP(R3^) 

for any ( 71 , 72 , 73 ) e 71 + 72 + 73 < m] (2.9) 

The space is a Banach space with the norm 

m m—71 m—71—72 

il/il»-r."(i."'-) = E E E II < >" OuAlBS/ili'd*") (2-10) 

71=0 72=0 73=0 

It is clear that for / G the qnantity ll/ilvF"*’^ defines a norm eqnivalent to the 

standard one. 

Moreover, we shall denote the space by 

- The operator norm oi A : E —>■ F, where E, F are Banach spaces, is denoted by ||A||£(e,f)- 

- Finally, the symbol c will denote a generic, positive, nnmerical constant. 


3. Proof of theorems 1,1' 


We give here the proof of onr main resnlt making repeated nse of some estimates which will be 
proved in sections 4, 5. 

We start with the proof of theorem 1 and then we assnme a < a*. This condition gnarantees 
the validity of a key technical ingredient, i.e. the nniform dispersive estimate 


snp 

R 


n 

\*=i 


D-yi 

rrii.Si 




< 


£(Li,L“) 




where 7 = 1% ^^nd the constant is explicitely given (see (lO^ in section 4). 

The estimate (ED) is valid for any string of integers 7 * (inclnding zero), m = 1 ,..., iF, s 
and a < a*. 

In the proof we also make nse of the following nniform estimate 


(3.1) 


1,2,3 


snp 

R 



N 

k=l,k^j 


< 


£2(]r3(JV-1)) 


(3.2) 


where the constant is explicitely given too (see (1071) in section 4). Notice that both C-y 
and are increasing with respect to 7 . 

The proofs of m and dSH are postponed to section 4. 

The first step is to show that C^(7 is a good approximation of T^(f) and this is a direct 
conseqnence of the existence of the wave operator m- 
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Indeed, from (ini and dZID we have 




N 




i=i 


N 

ne-{''>'®X 3 

) 

j = l 

L2(K3iV)/ 


1/2 


< sup 

R 


N 


N 






i=i 

N 


i=i 


L2(R3iV) 


< 


sup^||e (e ^Xn - e 


n=l 


N 

1,2 


L2(K3Ar) 


< sup V 
Let us recall that for any r > 0 

/ C50 

Then using the dispersive estimate m we conclude 


/ ^ PCO 

'J'aW - C{t)\\ < asup II 1411x2 ^ ds 

l^^C„aK\\V\\„ ||x„|U. 


I -ish„(i?) 

^ Xr, 


(3.3) 


(3.4) 


(3.6) 


The next and more delicate step is to show that C^(^) approximates the solution . 

By a direct computation one has 

*|C'(«) = H(E)C(t) + K’(t) 

where 

N K 

i=l 1=1 

Using Duhamel’s formula and writing 

|e“'“, vy = (e-“-'' - nVj, - V„{e-“^ - I) 


(3.6) 


(3.7) 


(3.8) 
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we have 

\mt)-cm< fds\\n%s)\\ 

Jo 

K N t 

i.i j.i ■'» 

K N £-it 

= da (A^a) + B^jiia)) (3.9) 

1=1 j=i do 

where we have dehned 

A^a) = - I)V,ia<^)\\ (3.10) 

B^^iia) = - m<r)\\ (3.11) 


The problem is then reduced to the estimate of the two terms (I3.10|) and (I3.11|) . 

The basic idea is that both terms are controlled by — / for a small with respect to e~^t 

and by the dispersive character of the unitary group for a of the order e~^t. 

It turns out that such strategy is easily implemented for (ITTUD while for dTTTl) the estimate is 
a bit more involved. 


3.a Estimate of A^ji{a) 

For the estimate of A^ji{a), using the spectral theorem we have 
A^a) < ea\\XVjif{a)\\ 

K 

< w E + ea\\uvi,a<y)\\ 

m=l 


Ed 

< — 
- 2 


K 3 


E E + Ea\\UV.j,ii(a)\\ 


ea 

< — 
“ 2 


iC 3 2 

EEE 

m=l 5=1 7=0 


N 


dv . I n ‘"""‘‘tv. 

k=l^k^j 


+ea\\UVjict)e-^^'^^\ 


■ 

m^s 



(3.12) 


where we have used the dehnition (jzni) and the Leibniz’s rule. 
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Using the Leibniz’s rule again and dH, we have 


K 3 

EE 

m=l s=l 
K 3 


N 


I Vi„l, n ) • Dl . 

k=l,k^j 


1 1 -R 


^—iahj{R) 


Xil 


m=l s=l 


N 


n 


^-iahui-) 


Xk 


k=l,k^j 


a 


K 3 2-7 


^ j5^ii»iiiEEE 


m=l s=l (5=0 


2-7 


■ ||2,2(]R3(X+1)) 


a 


K 3 2-7 


m=l s=l 5=0 


sup 

R 


£ ^c'^iixcIIl. EEEf/) IIaL('1(7|| L2(R3(if+l)) 


Af 






L2(M3(iV-l)) 


(3.13) 


Moreover 

K 3 2-7 


E E E (%h < 4 E E E E 

m=l s=l (5=0 ^ ^ 

< C \\V\\H^\\(j)\\H2(M.3K) 

Then, using (IXTTI) in dsm, we obtain 


K 3 2-7 5 


m=l s=l 5=0 A=0 


5-A 

m,s 


K) 

(3.14) 


K 3 

EE 

m=l s=l 
C 


N 


1 n ) ■ d - l .. 


- ^^^7^2||Xji|l(lil^l|ll2|l^l|n2(R3K) 

Concerning the last term in dSH, we use the uniform dispersive estimate (HD) again 

\\UV„,j,e-‘<”'<-W\ = (JdR jdr,\V(r, - R, f\U(R)d,(R)\‘^Jdf,\{e-"'->‘‘\) (r) 

1/2 


(3.15) 


1/2 


dRjdr,\V{r, - Ri)\^\U{R)<P{R)\^\{e-^‘^’^^^^hj) (c 
supl|e-*""^(^)xi|L^niL2||U0|U3(R3K) 


R 

Co 


Using ()3.15|) . ()3.16j) in dSH we hnd 


(3.16) 


A/((t) < C-^||x',.||(.l/Cl 2 C 2 II V||/(2||0||(/2(E3K)+ Coll V||(,2||11||l“(M3(() 


(3.17) 
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and then 


K N 

daA^a) 

1=1 j=l "'0 

< C^/£^/tKa\\V\\H^C2C2 (l + ||^||L°o(R3i^)) 



||0||R2(R3if) 


(3.18) 


3.b Estimate of 

For the estimate of (ITTTl) we hrst introduce a convergence factor which makes hnite the integral 
with respect to the variable Ri. In fact we write 




fdf. fdRi\<Ri>^ 


<Ri>^ 




1/2 


< 


= 7r||l/||L2 


'(ia;|'F(x)p / dy 


^ ^ ^ ly J\ <dii>‘^ [(e - l) f{a)]{R,r)\^ 


< TT 


L2 


sup sup df-j dRi\<Ri>^ [(e .^(cr)] (i?, r) |' 

Tj Ri J J 


sup dfj dRi sup|<i?i>^ [(e .^(a)] (i?, r) 1 

Tj J J Rl 


1/2 


1/2 


< 7r||l/||2,2 sup 


df,l|(Xo,z + /) <Ri>^ -I) 


L2(R3K) 


1/2 


1/2 


(3.19) 


where we have exploited the estimate for a.e. y & and x G 


|i^(x,?/)| < <^ / dx| [(-A^ + J)F] (x,i/)p 


1/2 


(3.20) 


which holds for any function F G L^(M^+'?), g G N, such that F{-,y) G if^(M^) for a.e. y G M^. 
Notice that the proof of is simply obtained taking the Fourier transform of F with respect 

to the variable x. 
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It is convenient to introduce the abridged notation 


ioo ^2 = sup 




1/2 


(3.21) 


where / : x C. Then using the formula 


<Ri> e 


2 ( -itX 


/) = _ /) >2 + [/?2^ 


(3.22) 


we have 


(BJ(<r)) <7r||K|U/|(A:„j + /) (e-“ -/) <«,>= 

3 

+ irllV'IU* |!(.yo,, + 

= (I) + (II) ’ ( 3 . 23 ) 

Writing 

(Xo,; + /)(e-**^ -I) = (e-**^ - /)(Xo,z + /) + [Xo,z, (3.24) 

and using the spectral theorem for the estimate of — J, we have 

(/) < »r||r|U. I|(e-"-^ - I) (AV, + I) <Ri>^ 

3 

3 

<7rea\\V\\L2\\XoiXo,i + I)<Ri>^a(^)\\^^^, + nea\\V\\L2\\UiXo,i + I)<Ri>^a^)\\^^^, 

3 3 

+7r|H^||i. |![A„,,,e-“] <B,>2 «(<T)l|^„y 

3 

= {III) + {IV) + {V) (3.25) 

We decompose the term {III) as follows 

{III) < nea\\V\\L2 ||Xo <Ri>^ i{a)\\^^^, + xea\\V\\L^ ||XoXo,; <Ri>^ 

3 3 

= {Ilia) + {Illb) (3.26) 
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To estimate {Ilia) we take into account the definition (j2.tij) and the Leibniz’s rule 


K 3 

(ina)<cea\\VU.J2T, 


m=l s=l 
K 3 2 




N 

n 

k=l 




L°°L 2 


<cea\\V\\L2j2J2Yl 

m=l s=l 7=0 
K 3 2 2-7 

< cea\\V\\L2^^^Yl 

m=l s=l 7=0 A=0 


N 


<Ri>^ <!> n 

k=l,k^j 


2\ / 2-7 


N 


7/ \ A 


7 7^,. n 

k=l,k^j 




ltl^ 


L'?°L 2 


(3.27) 


From (HH) and dsn we have 


K 3 2 2-7 

{Ilia) < cea\\V\\L 2 

m=l s=l 7=0 A=0 


; T 


sup 

R 




lAtJ ^ <^^l>“'7|lii(iKa»)SUP 


N 


R 

K 3 2 


K. n 

k=l,k^j 


^-iahu{R)^^ 


<CC2C2 


-m\\v\\LA\x,\\L^ EEEII AL 

^ m=l s=l 5=0 


L2(R3CiV-l)) 
iC) 


(3.28) 
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Analogously, 

{IIIb)<cea\\V\\L 2 EEE 


K 3 3 


m=l s=l s'=l 
K 3 2 2 


N 


<Ri>" 


k=l 


L?°L 2 


< cea\\V\\L2 EEEE 

m=l s=l 7=0 7'=0 


2 \ 2 
7/ Vt' 




Xk 


k=l,k^j 


L°°L2 


X 3 3 2 2 2-7 2-7' 

< C£ 0 -|| 1/|72 EEEEEEE 

m=l s=l s'=l 7=0 7'=0 A=0 A'=0 


2 \ (2 - 7 \ ( 2 \ (2 - i 


7/ V ^ 



7 


A' 

N 


Using again (IH.1|1 . ()H.2|1 we have 


k=l,k^j 


(3.29) 


L9°L2 


3 3 2 2 2-7 2-7' 


(/m)<c£a||U |72 EEEEEEE 

m=l s=l s'=l 7=0 7'=0 A=0 A'=0 



■ sup 

R 


■ sup 

R 


Xj ^m,s ^l,s' ^ ^ 


L2(R3K) 


N 


dlb:.' n 


k=l,k^j 2.2(r3(JV-i)) 

K 3 3 2 2 


<c^c’4C'4iiv'iiyiixjiiL.EEEEEii<«>"-DA.Ay'#'iu>(»“) (3.30) 

m=l s=l s'=l 5=0 /i=0 

From ()3.28|1 and ()3.3()|1 we obtain 


If 3 3 2 2 


(///) < <;^C’4C4l|rn4||x4||t.^^5;5;5;i| <fl,>"£>i.,-D;:,,5||i=(.», (3.31) 

E m=l s=l s'=l 5=0 M=0 

Following the same line, the estimate of {IV) is easily obtained. In fact one has 


{IV) < 7r£(T||U|72||f/|7oo(R3K) \\{Xo,l+l) <i?Z >2 7(7)11^440^, 

3 

3 2 

< c ^U2C'2 ||u|U2||[/|7oo(r3K)||x,|Ui EEii <Rl>‘^ D((>|72(r3X) 

V ^=0 


(3.32) 
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We now consider the term {V). 

In section 5 we shall prove the following commutator estimate for any / G and 

te[o,T] 

II /||L2(R3iC) < fC'||/||/^l^R3X) (3.33) 

where the costant C can be explicitely computed (see ()5.7|1 in section 5). Then, using ()3.33|1 . 
we have 


( 1 /) < vre cr Cl I Id 11^2 sup 
< 7reaC\\V\\L2 


dfjW <Ri>^ ^(ct; 


^o(R3^) 


1/2 


N 


k=l,k^j 


L9°L2 


E 

S = 1 

3 

E 

S = 1 

3 

E 

S = 1 


N 




k=l,k^j 

N 


L“L 2 


k=l,k^j 


L°°L2 


N 


k=l,k^j 


L9°L2 


Exploiting the estimates (ED), (Q we find 

(V-) < n^CCiWVUaWxAh^ 


4|| <Ri>^ 4 >\\l2(r3K) 

+ 3Ci|| < Ri (/)||2,2(r3K) 


+ Il-Di,s(< Ri> 

S = 1 

< c^cCi4||y|U2||x,||M II <Ri>^ Dl 

S=1 u=0 


3 1 


(3.34) 


(3.35) 


Let us consider the term {II) in (j3.23|l . In section 5 we shall prove the estimate for any 

||(-^0/ + ^)[^0 e **^]/||^2 (r 3K) < ^^ll/lln4^(R3K) 
where the constant C can be explicitely computed (see ()5.28|1 in section 5). 


(3.36) 
























17 


Exploiting (13.361) . we have 


(II) < 776(7(711^11^2 sup 


drj\\^{a;-,r)\\li 

2(R3^) 


1/2 




4 4—71 4—71—72 / N 

< eaC\\V\\L2 EE E 

71=072=0 73=0 \ k=l / L °° L ^ 

3 

4 4—71 4—71—72 71 72 73 / \ / \ / \ 

E E E E E E 0 :) (^:) (^:) 

71=072=0 73=0 /3i=0/92 =0/33 =0 ' 2 \ / \ / 

V k = l , k^j ) 


L?°L 2 


4 4—(li4— 83—62 

< c^cc4VU4xi\\L‘J2T, E 

(^1=0(52=0 (^ 3=0 


N 


< ft piOflPj I n 


L^L 2 


< c^cCiQllviUHIXilU. E E E II 

V ,,, _n n /ir,—n 


4 4-/ii 4-/ii-/i2 

EE E 

7*1=0/i2=0 7*3=0 


(3.37) 


where we have repeatedly used the Leibniz’s rule and estimates (HH), (El- 
Taking into account (I3.23|l . (I3.25j) . (13.3 Ij) . (I3.32|l . (I3.35j) . (I3.37|) we obtain 


B^^i(a) < c^C^C.WVMxAW 

V O' 


77 3 3 2 2 


EEEEE II <Ri>‘^ DL,sD('^s' 

jn=l s=l s'=l (5=0 71=0 


4 4_^j4_^j_^2 

+'^EE E II<«>"A'::r>soS' 7 iii-(.«) 

7*1=07*2=0 713=0 

3 2 

+ (C + ||f/||£,oo(R3ft)) EEii 

s=l /i=0 


(3.38) 
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and then 


K N 


1=1 j=i 

< c^/e\/ta\\V\\L2CiCi f ^ ||Xj||li 

\i=i 

K K 3 3 2 2 

( 1 +( 5 + E E E E E E II <-«' >' a'L,.-d';,, 

l=l m=l s=l s'=l 5=0 fJ,=0 

K 4 4—4—/ii—^2 

+c EEE E II <Ri> D'i^\D^ 2 ^I^, 3 ^\\l' 2 (M.^^) 

1=1 fj,i=0 112=0 M3=0 


N 


(3.39) 


Notice that assnmption (A- 2 ) guarantees that the norms in ()3.39|1 involving (p are hnite. 
Finally, using dSH, (nn?m in (USD and taking into account ()3.5|) we conclude the proof of 
theorem 1 . 

□ 


The proof of theorem 1' is obtained following exactly the same line of the previous one with 
only slight modihcations. Then we shall limit ourselves to show the points to be modihed. 

We fix K = 1 and assume (A- 1 ), (A- 2 ), (A-5), (A- 6 ); moreover we make use of the following 
uniform estimates which hold for any value of a 


sup 

R 




sup 

R 


N 

Dll ^72 D'rs TT 

SI-^82-^S3 J_J_ 
k=l 




< 


L2(R3iV) 


(3.40) 

(3.41) 


where 7 = XlLi 7 * ^1 ^1 positive constants, increasing with 7 . 

The estimates (jUDD, (Hm) replace, in the case iT = 1 , the uniform estimates (HH), (Hi), 
which hold for a < a* in the general case K >1, and will be proved in section 4. 

Proceeding for X = 1 as in the proof of theorem 1, we see that estimate (USD holds with Co 
replaced by Bq. Moreover we denote by Aj{a), Bj{a) the analogues of (ITTUD and (ITTTl) in the 
case K = 1. Then it is easily seen that dSIHl) is replaced by 


N . e-H ^ f N \ 

dcrM^"(a) <c^/i^/^a||f/||^^2524(l + ||C||L-) WxjWw^’^j 11011^2 


(3.42) 
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Analogously, (unnD is replaced by 


a 


N 

i=i ■ 


daBj{a) < c\fe\fta 


L2J 


BiBAl + \\U\\L^ + C + C 





UWh^ 

(3.43) 


and then the proof of theorem 1' is complete. 

□ 


4. Uniform estimates for the unitary group 

In this section we shall prove some results concerning the unitary group of the light particles 
and its derivatives with respect to i?, which plays here the role of a parameter. In particular 
we shall hnd estimates uniform with respect to R. 

We denote the one-particle Hamiltonian in L^(R^) of the generic light particle for any hxed 
R e as follows 


h{R) = hQ + oVr (4.1) 

fto = -1 a (4.2) 

K 

VAx)=J2v{x-Ri), (4.3) 

1=1 


Moreover 7io{z) = (ho — z) ^ and 1Zr{z) = {h{R) — z) z G C, denote the resolvent of ho and 
h{R) respectively. 

Let us hrst recall some known results which will be used in the following of this section. 

The potential U is a Rollnik potential if ||U|| 7 ^ < cxo, where ||U|| 7 ^ is given by 


n 


F-yr / 


1/2 


(4.4) 


It is well known (see e.g. th. 1.4 in EH) that if U G n then U is a Rollnik potential and 




Cl = U!(27r)"''“ 


(4.5) 
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Furthermore, following the line of the proof in it is easy to see that 


( / dxdy 
ViR6 


|V^l(^)ll^2(y)| 

\x - I/|2 



1/2 


(4.6) 


The estimate (EH) is useful in perturbation theory when one considers operators like 


K(z) = 


(4.7) 


where z E C. In fact the Hilbert-Schmidt norm of K{z), for ‘^^/z > 0, satishes 



(4.8) 


If the potential V belongs to then V is also Kato smoothing (see e.g. 0, EH), i.e. for 
any f E and A > 0 we have 


snp\\\V\^/^no{X±ie)f\\mdx)md.) = \\\V\^^"no{X±tO)f\\mdx)LHd.) < c\\V\\%%\\f\\L 2 (4.9) 

£>0 


The potential 1/ is a Kato potential if ||K||a: < oo, where 



(4.10) 


It is straightforward to prove that if K G fl then K is a Kato potential and the following 
estimate holds 


l|V'lk<c2||r||//in/|| 



(4.11) 


Notice that C 2 > Cj. 

In the rest of this section we shall assume V sufficiently smooth in order to guarantee the 
validity of (EH, (I4.9|l . (I4.11j) . 

The hrst result shows that, for a sufficiently small, the usual dispersive estimate holds uniformly 
with respect to R. 

Proposition 4.1. Let us assume V E and let 



27r2/3 



1/3 


2/3 


3K 


(4.12) 
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Then for any a < Og there exists a constant Cq such that 


sup 

R 






< 


^3/2 


(4.13) 


Proof 

The proof closely follows the proof of th. 2.6 in |R,Sj and it is outlined here only to highlight 
the uniformity with respect to R. Let us £x a < Og. Taking into account (HID and the fact 
that C 2 > Cl we have 

It follows that the Born series for the boundary value of the resolvent converges, that is for any 
real f,gE we have 


< 7^i^(A + iO)f, g> - < 7^o(A + iO)/, g >= < 7^o(A + zO) (VR7^o(A + zO))' f,g> 

i=i 

(4.15) 

It is easily seen that the r.h.s of (h:t^ is an absolutely convergent series which defines an 
element of L^{dX) and its norm is uniformly bounded with respect to R. 

Using the spectral theorem and we have 


< e S' > < sup 

r d\ e“y ( ^ 1 3 < Kk(A + 10)/, g > 

L>1 

J„ \L ) 


< dxodxi+i\f{xo)\\g{xi+i)\ / dxi...dxi 


nLi \VRixj 


1=0 


(27r)'+^n,=oki -^i+i| 


■ sup 

L>1 


dX 


L 


sin I \xj — Xj+i\ 

V j=o 


OO 



dxo dxi+i\f{xo)\\g{xi+i)\ 



(27r)«+i ni=i \xj-Xj+i\ 


i 

\^j ~ ^i+i 

j=0 


(4.16) 
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where r; is a cut-off function, i.e. a function rj : M’*' — >■ M such that rj G rj{x) = 1 for 

0 < X < 1, r]{x) = 0 for X > 2. In (I4.1ti|) we have used the estimate (lemma 2.4 in jR.Sj i 


sup 

L>1 


dX 


L 


sm 


vaE I +1 I 


j=0 


j=0 


(4.17) 


where only depends on rj. The last integral in (I4.lt) II can be estimated using the Kato norm 
of the potential (lemma 2.5 in |R.Sj ): moreover using (I4.11j) we have (27r)“^a|| Vfi||yc < 1- Then 


<^ll/lli-ll9lU> 


dxodxi+i\f{xo)\\g{xi+i)\{l + l) 


1=0 


^ I|VrII/c Y 


(4.18) 


where 




z=o 


Ik 

2n 


and this concludes the proof. 


(4.19) 


□ 


We shall now prove the uniform dispersive estimate for the derivatives of with respect 

to the parameter R. 

For the proof of theorem 1, we only need derivatives up to order four but it is easy to extend 
the result to derivatives of any order. 

Proposition 4.2. Let us assume V G fl , 71 ,.. . 7 ^ G N, X)r=i 7* ~ 7? ^ 

{1,... K}, si,... Sn G {1,2, 3}, and let 

7 = 3.2-!-ik IVII77 (4.20) 

Then for any a < a* there exists a constant such that 


sup 11(11 AAS,,..)*-"*'®’ 

R "T 
1=1 


£(Li,L°°) 


- ^3/2 


(4.21) 


Proof 

The proof is a slight modihcation of the proof of proposition 3.1. In order to avoid a cumbersome 
notation, we limit the proof to the case n = 2. The general case can be proven in the same 
way. 
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However, we stress that in the present paper we use inequality (ICTl) in the cases n = 1 and 
n = 2 only. 

The hrst step is to show that the Born series of the resolvent can be differentiated term by 
term, i.e. 


< + *0)/> 9 > 



72 72,1 

E E' 

72,1=0 72,2=0 


72,i-2 

E 

72,i-l=0 


72 

72,1 


72.1 

72.2 


72,Z-2 

72,Z-1 


• <7^o(A + zO){D^^Jl’WniVn)'}Zo{X + zO)... D^r^ts",VR)'}Zo{X + t0)f,g> 




- E(-“)' E E 

^=1 Jl,l"-il,i>0 j2,l--j2,l>0 

Eiil.i=7l Ei 12,1=72 

<7^o(A + + zO) ■ ■ ■ )7^o(A + z0)/,^> 


(4.22) 


where 


-'3k,l-"3k,l 


_ ('Yl,i=l jk,i\ f^i=2 9k,i 


E l ' I \ 

i=2 9k,i/ \2_^i=^Jk, 


+iuy 

V 3k,I I 


(4.23) 


and the r.h.s. of is an absolutely convergent series and belongs to L^(M’'', dA). In order 

to prove this statement we estimate the norm of the general term of the series. Denoting 
Dlkts,Di^ts,VR by we have 


'•+O 0 


dx 


< 7^o(A + ^0)y^^’^'^’^7^o(A + *0) ■ ■ ■ + ^0)/, g > 


r+oo 

L " 

< 

fjsgn 

yjl,i32,i 

JrC 

1/2 

^o(A + fO) 

R 

Jo 


_i=l 





1/2 


■sgn(l/i^’'^'^'' 


H; 


3l,l32,l 

R 


1/2 


7lo{X + iO)/, 


^11,112,1 

Jri 


1/2 


7^o(A - i0)g > 


(4.24) 
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Using (gSl) and (gZl), we have 


i-i 






i=l 


y3l.i32,i 

H 


1/2 


^o(-^ “ 1 “ * 0 ) 


T^Jl,i+ll2,i+l 

R 


1/2 


C{L^L^) 


l-l 


l-l 


<'S) n(iiL 


II 1/3|| -J^il,ii2,i ||2/3 II ■J^jl,i+li2,i+l II 1/3|| II2/3^ 


2=1 


Li II IIl2 II ^R IIli II ^R IIl2 ) 


1/2 


271/ 


l-l 


\vil 


/i, 1 / 2,1 II 1 / 3 II Tr/i, 1 / 2 , 1 1|2/3\ f II T A/i,i/ 2 ,i II 1/3|| T Di,i/ 2 ,i ||2/3\ 


1/^||t/J 1,U2,1 ||2/ci \ 1 ||TAjl,iJ2,i||i/cl||T^Jl,iJ2,i||^/J \ 

Li Imr IIl2 j IIli Imr IIl2 j 


1/2 


l-l 


niiL 


■jl,ij2,i II 1/3 II '^jl,ij2,i || 2/3 


(4.25) 


4=2 


Exploiting (14.2511 . the Schwartz’s inequality, the Kato smoothing property (14.911 and (14.dll , we 
obtain 

/*+oo 


dX 


< 7^o(A + ^0)Ui^'^'^'^7^o(A + 70)... U/^'''^''7^o(A + t0)f, g > 




l-l 


niiL 


/i, 1 / 2,1 II 1 / 3 II Tr/i, 1 / 2,1 II2/3 

R IIri IUr IIl2 


4 = 2 


/ ^+00 


/ 

yVl,l 72 ,l 

\Jo 


1/2 


TZo{\ - iQ)g 


1/2 


L 2 , 


r'+oo 


dX 


|y4l,m,*|l/2^0(A + 70)/ 


L 2 


1/2 




Cl 


- (271) 

l^-l 

< CCi f 

Ah: 



II 1/3 II T || 2/3 

i? IIli Iri? IIl^ 


L2||5||L2 


vi=l 


ciiviiU.iviii/ 


L2||yiiL2 


(4.26) 


where in the last line we used ||UR^’*'^^’‘i|Li < .^||U||w^.i and ||v/^’*'^^’*||l 2 < i^||U||iL^. 
The L^(M+,(iA) norm of (I4.22j) can be estimated as follows 

r+oo 


< cci||/||ii||9||i! J]] (a— 


1=1 


K 


Cl 


1/3 

VFT-- 


2/3 

H7 


E E 


'^/l,l---/l,i^/2.1-../2,i 


< CCi||/||L2i|^||L2 5^U 


/=! 




/l,l---/l,i>0 /2,l.../2,i>0 

El/i, 1=71 El/ 2 , 1=72 
i 


1/3 


2/3 

iL7 


(4.27) 
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where we used the identity 


E >==1,2 (4.28) 

jk,i 'Ik 


Since the series in (1071) converges for a < a*, we conclude that (1071) holds and the r.h.s. is 
absolutely convergent and belongs to L^(M+, dA). 

Let us now consider the derivatives of the unitary group; using again the cut-off function rj as 
in (imni , we can write 


< 


n7i n 72 -ith{R) f 


> 


< sup 

L>1 



Using (0221), Fubini’s theorem and (EZD, we have 


^ ^ -^m^ .Si -^mo 




(4.29) 






*=i ii,i--4i7>o j2,i-j2,i>o 

Z]iil.i=7l Z]ii2,i=72 


dxodxi+i\f{xo)\\g{xi+i)\ 




dxi... dxr 


, sup 

(27r)'+i ni=o 1^* “ ^i+il 

OO p 

1 1 M 




1^2 ^2+1 I 


dxo dxi+i\f{xo)\\g{xi+i)\ 


^=1 ii,i'--ii,i>o i2.i---i2,i>o 

X]iil,i=7l Y,i32,i=l2 

/l» (2,r)'+i -li+il 1: 




^2 ^ 2+1 I 


(4.30) 


0 


Following the line of lemma 2.5 in jR.Sj . the last integral can be dominated uniformly in xo and 
xi+i using the Kato norm of the derivatives of the potential V. In fact one obtains 
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< q-^HR) f q > 

^ ,Si-^7712,52J 5 i/ 


< 








< 


27rt^/^ 


i=i 


; / + 1 
’ . 


E E 




niiL 


R ll/C 


j2,l---j2,l>0 
Eiii,i=7i Eii2,i=72 


2 = 1 


/ /r 

«=1 ^ 




E E 




j2,i...j2,i>o 
Eiii,i=7i Eii2,i=72 


Li y Li 


E(i +1)(^ 


i =0 


a 

a!, 


(4.31) 


where we used (|4.11|) and added the term Z = 0 in the last sum of (ICTl) . 
Since a < a*, the series in flOTl) converges and we get (ICTl) with 


C = |:E(' + l)'^ 

1=0 


a 


al 


(4.32) 


□ 


Remark. We observe that a* is decreasing as a function of 7 . Then for the proof of theorem 
1 it is sufficient to choose a* = a^. 

We also notice that is increasing as a function of 7 , and this fact is used during the proof 
of theorem 1 . 

For the proof of theorem 1 we also need a uniform estimate of the derivatives with respect 
to the parameter R of the unitary group of the light particles. 

For a single light particle, exploiting the spectral theorem and (0711 . we immediately get 


sup 

R 




—ith{R) 


f 


2=1 


< 


(4.33) 


L2 


for any 7 integer (including zero) , ll/IU 2 = l and a < a*, where ao = 1 and 
















27 


For an arbitrary number N of light particles, the Leibniz’s rule yields 


sup 

R 


N 






i=l 


k=l 


< 




■ ■ ■ %JV 


(4.36) 


L2(R3^) jl--jN=0 

T,iji=l 


where i|xfc||L 2 = 1 . Notice that in the right hand side of ()4.d5jl at most 7 of the constants a^. 
are different from one and moreover each aj^ is less or equal to a^. Then we obtain the uniform 
estimate 


sup 

R 

where we have dehned 


2=1 


N 






k=l 


< 


L2(R3JV) 


(4.36) 


C~. = max N^a\ 

0<A<7 


(4.37) 


The proof of the uniform estimates iH, (|12H), dOED are based on a perturbative analysis 
and this requires the assumption of a small potential. We believe that this is only a technical 
limitation which could be removed with a more careful analysis. 

In fact, following a different approach due to Yajima (0), uniform estimates can be easily 
proved in the simpler case K = 1 for an arbitrarily large potential. 

In this case the crucial ingredient is the boundedness of the wave operators in the Sobolev 
spaces 

Proposition 4.3. Let iL = 1, 7 G N, p G [2, cx)] and let us assume that: 

i) V e VF7’°°, for 5 > 5; 

ii) V > 0; 

iiij g e n 7 G M, q~^ = 1 — p~^. 

Then there exists a constant b^,p,q > 0 such that 

sup (4-38) 


Proof 

Since iF = 1, the dependence of on the parameter 7? G can be extracted using 

the unitary translation operator Tpi, {Tjif){x) = f{x + R). Moreover, using the intertwining 
property of the wave operators one has 

^-ith(R) ^ ^-itho ^-1 J.-1 

where is the wave operator for the pair {h{0), Lq). 


(4.39) 
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We use fICTll to compute the derivatives with respect to the parameter R, noticing that 

DgTji =—Tjids, DsT^^ = T^^ds (4.40) 

where (d*/)(x) = §^{x) and Xg is the s-th component of x. 

We have 

D] (A Tr dr" 'd (4.41) 

fc =0 ' 

The generic term of the sum in (j4.41 jl can be estimated as follows 


— ^■i{2-q)/2q^^X^^+)^k,q{P‘+ ) ||<^I dH^fe.q < ^■i{2-q)/2q^^x(^+)^k,qiP‘+ ) 11^? 9 

Q 1 

“ j-Z{2-q) /2q'"^xi^+)^k,q{^+ ) ||dll M/7.9 


W7.9 

(4.42) 


where we have used the isometric character of Tr^ the boundedness of the wave operators in 
(see m), the fact that the free propagator commutes with derivatives and the standard 
estimate for the free Schrodinger group 


^-itho 1 


< 


C{Li,LP) — 02-q)/2q 


(4.43) 


In (j4.42|l the symbols Ck^p{fi+), Cfc,p(fl_|_^) denote the operator norm in of respec¬ 

tively. From (lOTl) and (lO^ we obtain the proof of ()4.38|1 

□ 


Remark. Notice that for p = cx) the estimate (OKI) reduces to the uniform dispersive estimate 
and, in this case, we denote 


A,00,1 


= max b 

0<A<7 


(4.44) 
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Moreover for p = 2, proceeding as in (I13S1), (jOED, we easily get 


sup 

R 


N 






k=l 


< 


L2(K3iV) 


^^^7,2,2 (^maxllx 


I < 


(4.45) 


where we have dehned 


= max N fe ;^2 2 

0<A<7 \ 3 


(4.46) 


5. Some commutator estimates involving the unitary group 

In this section we discuss some estimates for the commutator of the unitary group with 
the operators Xq and Rf in the Hilbert space of the heavy particles. 

Such estimates are repeatedly used in the proof of theorem 1. Since we have not found them 
in the literature, a simple proof is exhibited here for the convenience of the reader. 

We hnd convenient to express the results in terms of the weighted Sobolev space related to the 
l-th heavy particle, which were dehned in the introduction. 

The hrst result concerns the commutator [Xq^/, 

Proposition 5.1. Given I G X}, / G and T > 0, there exists a constant 

C > 0 such that 

||[-^o,Le **^]/||l2(r3^) < ^ (5||/IIr1(,(r3^) (5T) 

for any t G [0, T], 

Proof 

For s = 1, 2, 3 and using the short-hand notation ri{t) = a direct computation gives 

i^Di^sVit) = XDi^sVit) + {Di^sU)ri{t) (5.2) 

Therefore, by Duhamel’s formula 

DiMt ) = - i f (5.3) 

Jo 


Iterating the procedure one hnds 







30 


RICCARDO ADAMI, RODOLFO FIGARI, DOMENICO FINCO, AND ALESSANDRO TETA 


DlMt) = e-'‘^Dlj - i / dTe-''‘-^^^(DlUyr,i.T)-2t / dTe-‘'‘-->^ (DuU)e-"’^Duf 

Jo Jo 

-2 [ dr [ (5.4) 

Jo Jo 

Therefore 

XoMt) = e-^^^Xo,if -ifdTe-^^^-^'>^iXo,iUMT) - 2tJ2 f {Di^sU)e-^^^ DiJ 


3 rt 


- 2 V /" dr f {Di^sUy 

s=i 

Recalling the definition of it follows 


-i(T-a-)X 


(Di,UHa) 


(5.5) 


II [-^0,0 e **^]/||L2(R3if) 

— [ dT\\{XQ^iU)e ^'^^/||l2(r3^) + 2 [ (ir||D;^sf^||L“(R3^)II A,s/||L2(R3i' 

Jo Jo 

3 pt pT 

+ 2 ^^ dr (icr||A,sf^||ioo(]R 3 K)||e *°^^/||L 2 (R 3 i<:) 

3=1 do Jo 

< f||Af/i||i,oo||/||2,2(R3if) + 2f||[/z||vyl,°o||/||_H-l^(M3K) + t^||t/i||^l.cx=||/||L2(R3if) 

< t ^ll/ll 


(5.6) 


where we used the fact that Di^gU = DgUi and dehned 

C = max (II Af//||j;,oo + 2||17;||iyi,oo + ^||f^z|lwi’°°) 


(5.7) 

□ 


Corollary 5.2. For any t > 0 the operator e is continuous in , with I G 

{!,..., K}, m e N, p > 1. 

Proof 

From ()5.3|) the following estimate is easily obtained 

||A,se **^/||lp(R 3^<^) < II A,s/||LP(R3^f) + ^11 Af^i|U°° ll/|Up(R3^f) 


(5.8) 


31 


and continuity in WIq immediately follows. For the case m > 1 the result is achieved differen¬ 
tiating the quantity 

□ 


The second result in this section is an estimate of the commutator e 

Proposition 5.3. Given I G iF}, / G T > 0, there exists a constant 

(7i > 0 such that 


||[/?f,e **^]/||i2(R3X) < tCl\\f\\Hf {R3K^ 


(5.9) 


for any t G [0, T], 

Proof 

First, we observe that 
where 




5'o,/(t) = - ^ {2iRi^sDi^s + tDlf) - 3z 


(5.10) 


(5.11) 


S = 1 


Formula (ICTID can be easily derived integrating by parts in the explicit integral representation 
of the free unitary group. The action of the operator Soj{t) is estimated as follows 

3 3 

||5'o,/(t)/||L2(R3K) < 2^^ \\Rl^sDl,sf\\L^{R3K-^ + II + 3||/||l2(]r3K) 

S = 1 S=1 

<211/11^1 + ^||/||_ff2^(R3K) -f 3||/||2,2 (]r 3K) < C (1 -|- t)||/||_ff2^(R3/f) (5.12) 


Using Duhamel’s formula, the action of [i?f,e reads 

[Rle-^^^]f = te-^*^°So,i{t)f - i f da aSo,f 

Jo 

-i f + i [ da R^ f 

Jo Jo 

Estimate ()5.12|) directly applies to the first term of (Em, while for the second it gives 


(5.13) 


da ae—’^'‘S„j(a)Ue-‘^‘-'’>^f 


L2(R3K) 


< c daa(l+ame-‘<‘-‘’>^f\\„,, 


(R3^f) 


(5.14) 
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Notice that 


2 2 - 712 - 71-72 

71=072=0 73=0 

2 2-71 2-71-72 71 72 73 

E EEEii<«-> 

71=072=0 73=0 Ai=0A2=0A3=0 

— ll^llvF;^^°°(K3X)||e ^ ^ /lli72(,(R3if) 

<cr 


lvFfi°°(K3X)||C 

I (K3X) 11 /11 ) 

where, in the last step we used Corollary 15.21 
Thus, going back to (ICTI) 

I't 


(5.15) 


L 2 (K 3 X) 


< c- 1 - 

“ 2 3 


il ll/ll7l2o(K3^) (5.16) 


The third term in (j5.13|l can be estimated as follows 




Finally, the fourth term in (I5.13j) gives 


L2(]R3K) 


< f ||i?;^[/||ioo(R3if)||/||i2(K3X) (5-17) 




By (15.121) , (I5.16j) . (I5.17|l . (I5.18j] we conclude 

II [-^o 6 **^]^llL2(R3if) 

where we dehned 

"t 2 


< t ||f7||l,<=o(]R3X)||/||jyO^(R3/f) 

L2(R3K) 

^ ^^l||/lli722(K3X) 


Cl — cmax 1^1 + T + T ||[/||,y2^oo^jg311^ + ||i?; [/||^oo(R3X) + ||f7||ioo(R3X) 


(5.18) 

(5.19) 

(5.20) 

□ 


The last estimate concerns the same commutator of the previous proposition, composed with 
the Laplacian with respect to Ri. 

Proposition 5.4. Given I G {1,... 77}, / G 77^2(1^^^) T > 0 there exists a constant C > 0 
such that 

(5.21) 


\\i^0,l + I)[Rh ^ **^]/||l 2(R3K) < t C'||/||j74^(R3/f) 
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for any t E [0, T]. 


Proof 

From dnunj) one has 


Jo 

-i f + z [ da Xq^iUc-^^^R f f 

Jo ’ Jo ’ 

We estimate the first term in (1^:^ as follows 


(5.22) 


||te **^°Xo,iS'o,Kt)/||L2(K3K) 


< t 


H Dl, 

s'=l 
3 3 


J2i‘^tRi,sDiJ + tDlf)-3tf 


s=0 


L 2 (K 3 X) 


3 3 


\\Dls'Rl,sDl^sf\\L2{R3K) +t‘^ Y.Y.\\Dl'Dlfh^m»-, + 3 tY,\\Dl' 


s'=l s=0 
3 3 


s'=l s=0 
3 3 


s'=l 


||hs,s'A,s'A,s/i|L2(]R3/C) + 2t EE II A,sA^,s'A,6/l|L2(R3if) 
s'=l s=0 s'=l s=0 

+ ^^ll/ll/r4g(M3K) + 3t||/||^^2^(]R3K) 

3 

- ll/llH2o(R3if) + 2t||/||^3^(R3if) + t^||/||/f4^(R3/f) 

S=0 

< Ct{l + t) ll/ll j^4^(r3/C) 


(5.23) 


To estimate the second term in (I5.22|l we exploit (j5.23|l and then proceed as in (j5.15|l obtaining 


daae-*‘^^°Xo,zS'o,Ka)17e-*(*-'^)^/ 


<c / daa(l + a)||f/e-*(*-")^/||^4 PR3^f) 

L 2 (R 3 if) Jo 


(5.24) 
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For the third term in we have 


L2(K3if) 


< da 

Jo 


S=1 


II {Xo,iR^U)e-^-^f\\L^^sK) + 2 \\DUR^U)Di^se-^-^f\\LHR^K) 

+ ||i?ft/Xo,ie-*"^/|U2(R3K) 

< t ||Xo,/i?ft/||ioo(]R3iC)||/||i2(]R3K) + 2 ^ II A,s(-Rz^^)||L°°(R3if) / dcr II A,se“*'^^/||2,2(R3if) 

3 = 1 >^0 

+ II-^?^IIl°°(ir 3K) / (i(T||Xo,ze *'^^/||L2(R3/f) 

Jo 

< ct ^||Fz||^2,oo||/||i2(R3K) + ||^z|lvyi.“||/||Hip(R3^f) + ll^llvi/°^°°(R3^)ll/lln,=^o(®®^)) 

^ ct ||[/||,y2^cx>j.j^3jf^||/||j^2^(R3K) (5.25) 

For the fourth term in ()5.22j) we have 


) Ao Xo,z / 


L 2 (R 3 /C) 


< da 

Jo 


S=1 


< 


||(Xo,zf/)e-*'^^/?,V||L2(R3X) + 2 ||(A,3f/)A.3e-*"^i??/l|L2(R3K) 

+ ||f/Xo,ze-*'^^AVllL2(R3-) 
t ||Xo,z[/||loo(r 3K)||/?f/||i2(R3K) + 2 ^2 II A,3f^||L“(R3^f) / da || A,3e“*'^^A^/||2,2(R3K) 

3=1 do 


+ 1 AIIl°°(r 3^) / da||Xo,ze *‘^'^i?f/||i2(R3X) 

Jo 

< ct (^|Az||w 2 .“ ll/ll IA'IIiFL°o||/||/^i^(r 3 K) + |A||L°°(R 3 ^f)||/||H 22 (R 3 ^f) 

^ C 111 f/11 ^2^00 ) 11 / 11 j ) 


(5.26) 


Therefore, by ()5.22j] . ()5.25j] . ()5.24jl . ()5.25j) . ()5.26jl and proposition 15.51 we hnally obtain 

||(X„,, + /)|fi?,e-‘“]/|U.|r«l < (C||/||„.=,r,, (6.27) 
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where 


C = Cl + c max 

i 


(l + T ) (1 + T||i7|| 

J + ll^llwf^°°(R3K) + l|t^ll 


(5.28) 

□ 


6 . Application to decoherence 

Some of the most peculiar aspects of Quantum Mechanics are direct consequences of the super¬ 
position principle, i.e. the fact that the normalized superposition of two quantum states is a 
possible state for a quantum system. Interference effects between the two states and their con¬ 
sequences on the statistics of the expected results of a measurement performed on the system 
do not have any explanation within the realm of classical probability theory. 

On the other hand this highly non-classical behaviour is extremely sensitive to the interaction 
with the environment. The mechanism of irreversible diffusion of quantum correlations in the 
environment is generally referred to as decoherence. The analysis of this phenomenon within 
the frame of Quantum Theory is of great interest and, at the same time, of great difficulty 
inasmuch as results about the dynamics of large quantum systems are required in order to 
build up non-trivial models of environment. 

In this section we consider the mechanism of decoherence on a heavy particles (the system) 
scattered by N light particles (the environment). For this purpose we follow closely the line of 
reasoning of Joos and Zeh f jJZj l and we exploit formula (EH for the asymptotic wave function 
in the simpler case U = 0. 

(For other rigorous analysis of the mechanism of decoherence see e.g. [D], |DSj . j(XlFj b 
All the information concerning the dynamical behaviour of observables associated with the 
heavy particle is contained in the reduced density matrix, which in our case is the positive, 
trace class operator p’^{t) in L^(M^) with Trp^(f) = 1 and integral kernel given by 

p^(t;R,R')= f dr T^(f; A, r)T^(t; A', r) (6.1) 

Jr3N 

An immediate consequence of theorems 1, 1' is that for e —>■ 0 the operator p^{t) converges in 
the trace class norm to the asymptotic reduced density matrix 

p“(t) = (6.2) 

where p^ is a density matrix whose integral kernel is 
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pI{R, R') = (j){R)cl){R')I{R, R') (6.3) 

N 

I{R,R') = J] {n^{RT\j,^+{R)-^Xj)L2 (6.4) 

i=i 

and (•, ■)l 2 denotes the scalar prodnct in L^(R^). 

Notice that the asymptotic dynamics of the heavy particle described by p°'{t) is generated by 
Xf), i.e. the Hamiltonian of the heavy particle when the light particles are absent. The effect 
of the interaction with the light particles is expressed in the change of the initial state from 
(j){R)(j){R') to (j){R)(j){R')2{R, R'). Signihcantly the new initial state is not in prodnct form, 
meaning that entanglement between the system and the environment has taken place. Yet, at 
this level of approximation, entanglement is instantaneons and no resnlt abont the dynamics 
of the decoherence process can be extracted from the approximate rednced density matrix. 
Moreover notice that J{R,R) = 1 , I{R,R') = I{R\R) and \I{R,R')\ < 1. For N large 
X(i?, R') tends to be exponentially close to zero for R ^ R!. 

In f |AFFT] l a concrete example was considered in the case N = 1. The initial condition for 
the heavy particle were chosen as a snperposition of two identical wave packets heading one 
against the other. The wave packet of an isolated heavy particle wonld have shown interference 
fringes typical of a two slit experiment. The decrease in the interference pattern, indnced by 
the interaction with a light particle, was compnted and taken as a measnre of the decoherence 
effect. 

We want to give here a brief snmmary of the same analysis for any nnmber of light particles 
where the enhancement of the decoherence effect dne to mnltiple scattering is easily verihed. 
Let the initial state be the coherent snperposition of two wave packets in the following form 


■#■(«) = i>“'(/;(fl) + /;w). i-=iiy+/;iu= (6.5) 

p{H) = Y/ R,„ P„ 6 (6.6) 

where / is a real valned fnnction in the Schwartz space with ||/||l 2 = 1, Rq = (0,0, |i?o|)) 

-Pq = (0 , 0, —|Po|)- 

It is clear that nnder the free evolntion the two wave packets exhibit a signihcant overlap 
and the typical interference effect is observed. 

On the othe hand, if we take into acconnt the interaction with the light particles and introdnce 
the fnrther assnmption (JQ(||VY||l 2 1, it can be easily seen that p“(t) is approximated by 


p'(i) = 


(6.7) 
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where has integral kernel 

pHR,R) = i (|/,+ (ii)r + |/-(fi)r + A/+(ii)7:(fl') + A/-(ii)7t(fl')) (6.8) 

N 

A = n (6.9) 

i=i 

The proof is easily obtained adapting the proof given in f jAFFTj l for the case N = 1. 

It is clear from dnn) that, if the interaction is absent, then A = 1 and (EIHD describes the pure 
state corresponding to the coherent superposition of /+ and f~ evolving according to the free 
Hamiltonian. 

If the interaction with the light particles is present then 7^ I and |A| -C 1 for N large. 

For specihc model interaction the factor A can also be explicitely computed (see e.g. the one 
dimensional case treated in [UFT] !. 

This means that the only effect of the interaction on the heavy particle is to reduce the non 
diagonal terms in (iniHi) by the factor A and this means that the interference effects for the 
heavy particle are correspondingly reduced. 

In this sense we can say that a (partial) decoherence effect on the heavy particle has been 
induced and, moreover, the effect is completely characterized by the parameter A. 
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